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Finite element solution to passive scalar transport behind line
sources under neutral and unstable stratification

Chun-Ho Liu*" and Dennis Y. C. Leung?

Department of Mechanical Engineering, The University of Hong Kong, Hong Kong, China

SUMMARY

This study employed a direct numerical simulation (DNS) technique to contrast the plume behaviours
and mixing of passive scalar emitted from line sources (aligned with the spanwise direction) in neutrally
and unstably stratified open-channel flows. The DNS model was developed using the Galerkin finite
element method (FEM) employing trilinear brick elements with equal-order interpolating polynomials
that solved the momentum and continuity equations, together with conservation of energy and mass
equations in incompressible flow. The second-order accurate fractional-step method was used to handle
the implicit velocity—pressure coupling in incompressible flow. It also segregated the solution to the
advection and diffusion terms, which were then integrated in time, respectively, by the explicit third-
order accurate Runge—Kutta method and the implicit second-order accurate Crank—Nicolson method. The
buoyancy term under unstable stratification was integrated in time explicitly by the first-order accurate
Euler method. The DNS FEM model calculated the scalar-plume development and the mean plume
path. In particular, it calculated the plume meandering in the wall-normal direction under unstable
stratification that agreed well with the laboratory and field measurements, as well as previous modelling
results available in literature. Copyright © 2005 John Wiley & Sons, Ltd.

KEY WORDS: fluid turbulence; direct numerical simulation (DNS); finite element method (FEM);
open-channel flow; passive scalar plume

1. INTRODUCTION

Turbulent transport under neutral and unstable stratification often occurs in geophysical flows.
For example, air-pollutant transport in the atmospheric boundary layer (ABL), and contam-
inant transport in coastal and water environment. The transport of pollutants emitted from
inhomogeneous sources, such as points or lines, is of practical interest that represents the
air-pollutant-transport behaviours behind chimneys or highways placed in cross flow. In par-
ticular, the transport behaviours of passive scalar in unstably stratified turbulent flows markedly
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differ from those in neutral ones in which the scalar plume exhibits obvious ascending and
descending trajectories.

Early laboratory water tank measurements were collected to determine the turbulence struc-
ture in convective boundary layers (CBLs) [1]. In particular, the characteristic convective
mixed-layer velocity scale w* = (g/©g x (0"w")|,—¢z;)"/3 was developed, where —g is the grav-
itational acceleration, ©( the mean temperature of working fluid, (0”"w")|.—o the heat flux at
the bottom, and z; the height of the CBL. Generally, the turbulence intensities were found
to be enhanced under unstable stratification compared with those under neutral stratification.
Komori et al. [2,3] further confirmed experimentally the enhanced upward and downward
turbulent motions under unstable stratification. Because of the increasing public concern on
the air-pollutant transport in the day-time ABL, a series of laboratory measurements was
performed to investigate the passive-scalar-plume behaviours under unstable stratification by
using water tanks or wind tunnels [4-8]. One of the common findings in these laboratory
measurements was the plume meandering in the form of ascending and descending scalar
trajectories. Meanwhile, the plume behaviours for scalar emitted from point or line sources
under neutral stratification were studied, respectively, by Fackrell and Robins [9] and Li and
Bilger [10] using wind tunnels. Unlike that under unstable stratification, no notable plume
meandering was observed under neutral stratification. These experimental results have helped
to establish our basic understanding on passive-scalar-plume behaviours in the neutrally and
unstably stratified ABL.

The aforementioned experimental works, though have revealed much about the scalar trans-
port in the ABL, have been plagued by considerable technical difficulties to collect accurate
measurements in some practical situations such as near-ground-level turbulence intensities
and velocity—pressure correlations. On the other hand, high-resolution mathematical modelling
undertaken on computers alleviated the problems. In particular, direct numerical simulation
(DNS), which calculates explicitly most of the energy-carrying scales, establishes a platform
for sophisticated turbulence studies by numerical approaches. DNS does not rely on the accu-
racy of empirical turbulence models. It calculates the flow variables to highly refined spatial
resolution in a transient manner. Extensive databases are then built up for detailed statistical
analyses such as the turbulent kinetic energy balance and velocity—pressure correlations.

Most of the studies available in literature have used DNS to investigate the transport
behaviours of horizontally homogeneous scalar in a wide range of flow problems such as
plane Couette flow [11, 12], duct flow with a free surface [13], forced-channel flow [14, 15],
forced-channel flow under stratification [16], and open-channel flow [2, 3, 17-21]. In contrast,
DNS studies of horizontally inhomogeneous scalar transport are relatively limited. Livescu
et al. [22] employed a DNS model to study the behaviours of passive-scalar wake behind a
line source in grid turbulence. Recently, Vrieling and Nieuwstadt [23] used DNS to investi-
gate the interaction of the passive-scalar-plume transport between two nearby line sources in
forced channel flow.

Because our understanding on the scalar-plume behaviours behind line sources in the ABL
is limited yet, a DNS model utilizing the finite element method (FEM) was developed to
investigate the transport behaviours of passive and inert scalar emitted from line sources
at different emission heights (i.e. z;/H =0,0.25,0.5,0.75, and 1.0, where H is the channel
height) placed along the wall-normal extent in an open channel under neutral or unstable
stratification. This paper summarizes the numerical methodology as well as the DNS results.
The scalar-plume behaviours under neutral and unstable stratification are contrasted in the light
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of using these numerical findings from the basic physics of turbulent transport to explain the
commonly observed scalar-plume behaviours in the ABL.

2. MATHEMATICAL MODEL

Incompressible turbulence of Boussinesq fluid was considered in this study. The mathematical
model adopted the conservation of momentum equation
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the continuity equation
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and the conservation of energy equation
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Equations (1)—(3) are expressed in tensor notation and the usual summation convention on
repeated indices (i and j) is employed. All the variables are appropriately made dimensionless
by the channel height H (reference length scale), the mean-flow speed at the top of the
channel U (reference velocity scale), and the reference time scale 7 (= H/U). The variables
x; are the Cartesian coordinates (i = 1,2, and 3 representing the streamwise x, spanwise y, and
wall-normal z directions, respectively), ¢ is the time, u; are the velocity components (i =1, 2,
and 3 representing the velocity components in the streamwise u, spanwise v, and wall-normal
w directions, respectively), p is the kinematic pressure, 0 is the temperature, and J;; is the
Kronecker symbol. The dimensionless parameters are the Reynolds number Re (= UH/v), the
Prandtl number Pr (=v/#"), and the Richardson number Ri (= — g x H/©y x AO/U?). Here,
v is the kinematic viscosity, " is the thermal diffusivity, and A© is the mean temperature
difference across the channel in wall-normal direction (reference temperature scale). With the
simulated flow field, the scalar transport is calculated by the mass-conservation equation of
passive and inert scalar
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where ¢ is the scalar mixing ratio normalized by the scalar source strength ® (reference
scalar mixing ratio scale), Sc (=v/k) is the Schmidt number, and « is the mass diffusivity.
3. COMPUTATIONAL INFORMATION

3.1. Numerical methodology

Equations (1)—(4) were solved by the three-dimensional (3D) FEM in a transient manner. The
implicit dependence in-between velocity and pressure in incompressible flow was decoupled
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by the second-order accurate fractional-step method. The equal-order FEM with trilinear
interpolating polynomials were used to discretize the velocity components u;, pressure p,
temperature 0, and scalar mixing ratio ¢ in the spatial domain. The detailed numerical method-
ology is described in this section.

3.1.1. Fractional-step method. A second-order accurate fractional-step method was used to
decouple the momentum equations in accordance with

5 t
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Here At is the time-step increment, u;, u;, and i; are the intermediate velocity components
that do not necessarily satisfy the continuity, and N(u{,u}) = 0/0x; (uju’) is the advection term.
The superscript implies that the variables are calculated at time ¢. Summing up Equations
(5)—(8) retrieves the velocity—pressure coupled momentum equation. Instead of u!**' and
p'tA using u; and p' in Equation (6) is a second-order accurate approximation of Equation
(1) because u/ ™2 —u; = At(dp' — dp'T2")/0x; = O(Ar*) [24,25]. Under unstable stratification,
the buoyancy term was solved explicitly by the first-order accurate Euler method.

The advection and diffusion terms in the energy-conservation equation were segregated by

the fractional-step method as well. The mathematical procedures consisted of

~

0—0
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where 0 is the intermediate temperature. Due to the similar nature of the transport equations,
the scalar mixing ratio was also solved by the fractional-step method. The variables 6 and Pr
in Equations (9) and (10) were then replaced by ¢ and Sc, respectively.

The aforementioned fractional-step methods not only decoupled the velocity components
and pressure but also segregated the advection and diffusion terms in the temporal domain.
The diffusion terms were integrated implicitly in time by the second-order accurate Crank—
Nicolson (CN) method. In view of their non-linear nature, the advection terms were integrated
explicitly in time by the third-order accurate Runge—Kutta (RK) method. Another benefit of
the RK method is its large Courant-Fredrichs—Lewy (CFL) number because the mesh spacing
(in the streamwise and wall-normal directions) near the line sources was small (see Table I).
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Table 1. Simulation parameters adopted in the current DNS FEM model
expressed in global and wall units.

Simulation parameters

Global units Wall units
Neutral Unstable Neutral Unstable
Domain size L. xL,xL.=12H x4H x H LT x LT x LY =2160 x 720 x 180
Number of elements Ny X Ny x N;: =448 x 64 x 96 =2752512
Reference velocity scale U=0.73 U=0.54 u. =180
Reynolds number Re=2900 Re=2200 Re. =180
Prandtl number Pr=0.72
Schmidt number Sc=0.72
Richardson number N/A Ri= —0.20 N/A
Convective velocity scale N/A w*=0.20 N/A
0011H < Ax <0.065H 198 < Axt <11.70
Mesh spacing Ay=0.063H Ayt =11.25
0.0040H < Az <0.024H 072 < Azt <439
Time step increment At=0.01T Att =81
CFL number 0.11 < CFL <£0.70

The superscript + represents that the simulation parameters are expressed in wall units. L., L, and
L. are, respectively, the extents in the streamwise, spanwise, and wall-normal directions of the spatial
domain. Ny, N,, and N. are, respectively, the number of elements in the streamwise, spanwise, and
wall-normal directions.

3.1.2. Finite element formulation. The Galerkin FEM was used to discretize the mathematical
model in the spatial domain 2. A dependent variable Y/(x;,¢) was approximated by a linear
combination of the (Lagrange) interpolating polynomial ¢(x;) and the nodal values of the
variable ¥,(¢) in the form of

nde
Y(xi,t) =3 @y(xi)y(2) (11)

y=1

where nde is the number of node points in 2 and the subscript y is the nodal index. As an
equal-order FEM was used, the velocity components, pressure, temperature, and scalar mixing
ratio were approximated by Equation (11) using the same trilinear interpolating polynomial
defined on brick elements.

The Galerkin method was used to construct the weighted residual formulation in which
the weighting function was equal to the interpolating polynomial. The weak formulation of
the mathematical model was derived by multiplying Equations (5)—(8) with the weighting
function and then integrated over the spatial domain. These mathematical procedures yielded
the following equations in matrix notation:

P Pp ~ Do Pp r_ tot
A dQu,, /Q As dQu;, /Q(paN(u,,uJ)dQ (12)
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where the subscripts o and f are indices of matrix components. The integration by parts and
the divergence theorem had been employed in deriving Equations (13) from (6).

The calculation of the divergence-free velocity u/"2' by Equation (15) required the updated
pressure p't2" which was calculated by considering the Galerkin weighted residual formulation
of the continuity Equation (2) in its integral form

autJrAt
/Q(p 4 de=0 (16)

Invoking the integration by parts and the divergence theorem, Equation (16) was rewritten as

/a—(pu§+A’ dQ= j{(puﬁmni dr (17)
) 5x,— T

where I' is the surface of {2 and n; is the unit normal to I'. Substituting Equation (8) into
(17) led to the Poisson-type pressure equation

0Py 6@0,; +Ar 1 0, . At
T, Ox, dQ py =2\, op dS2 ity —jg(pxu,» n;dl’ (18)

With the intermediate velocity components ;, Equation (18) was then solved for the updated
nodal pressure p>!. Because of the periodic and Dirichlet boundary conditions adopted along
I, the surface integral vanished in the DNS FEM model.

The global spatial domain {2 was discretized into non-overlapping elements €2, and so were
the global integrals expressed in Equations (12)—(15), and (18). The integrals for individual
element were calculated numerically by Gauss quadrature with three Gaussian points in each
coordinate direction. The aforementioned FEM procedures led to several systems of linear
equations. Because of the structure of the mass and diffusion matrices, and the explicit RK
solvers employed in solving the advection terms, the coefficient matrices of all the linear-
equation systems were symmetric and positive definite. The systems of linear equations were
then solved by the conjugate gradient (CG) iteration with the Jacobian preconditioner [26]
for the nodal velocity u’*At , pressure p'A' temperature 072, and scalar mixing ratio ¢.t4.
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3.2. Parallel implementation

The DNS FEM code employed a mixed approach for parallelism. Its data structure made
use of the non-overlapping domain decomposition in which each processor only stored the
parameters in its subdomain. The computational load was distributed evenly to each processor
by defining a Cartesian virtual topology prior to the computation. Numerous matrix operations
were involved in the DNS FEM model. The data parallelism was used in these matrix opera-
tions in which each processor handled only the local operations in its subdomain. Collective
communication and communication between nearest neighbouring processors were used to
account for the contribution from different subdomains. The detailed parallel implementation
of the DNS FEM code was discussed elsewhere [27, 28].

The computation was conducted on the Linux PC clusters maintained by the Computer
Centre of the University of Hong Kong. The Linux PC clusters totally consisted of 32 nodes
in which each node had dual Intel P III 1 GHz processors. The DNS FEM model used 8
nodes (16 processors). Each node was equipped with a HP ProLiant DL 360 rack-mount-
server mother board, 256 kB of cache, and 2 GB of memory. The nodes were connected by
Fast Ethernet. The operation system was Red Hat Linux 7.2 with 2.4.7-10 smp kernel. The
DNS FEM model was coded in FORTRAN 90 and the Portland Group’s PGF90 compiler
was used. The MPICH library was used for inter-processor communication. The Basis Linear
Algebra Subprograms (BLAS) library was used to handle the matrix operations whenever
possible. The parallel performance of the DNS FEM code was discussed elsewhere [29, 30].

3.3. Computational domain and boundary conditions

In this study, the spatial domain was a rectangular channel of size 12H (streamwise) x 4H
(spanwise) x H (wall-normal) as sketched in Figure 1. The mean flow was driven by a
constant background pressure gradient AP. A non-slip rigid wall with zero velocity (#; =0)
and constant temperature (A©/2) was assumed at the bottom of the channel. A shear-free
boundary with no deformation, zero wall-normal flow (0u/dz =0v/0z=w=0), and constant
temperature (—A©/2) was assumed at the top of the channel. This flow configuration was a
good representation of a free surface if the wall-normal deformation was negligible compared

Downstream
Outlet

Pressure
Driven
Flow
U

N
Upstrcam
Inlet ‘

Figure 1. Schematic diagram of the spatial domain ) adopted in the DNS FEM model.

Line Pollutant Source
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with the channel height at a low Reynolds number [20]. The temperature at the lower wall
was hotter than that at the upper shear-free boundary. Hence, the buoyancy was opposite
to the gravity and the channel was unstably stratified. The neutral stratification was simply
simulated by switching off the buoyancy term. Periodic boundary conditions for flow and
temperature calculation were assumed in the horizontal directions.

Passive and chemically inert scalar, which was used to account for the pollutant transport,
was emitted into the channel through hypothetical line sources placed in the cross flow par-
allel to the spanwise direction at x/H =0. Five emission heights at z;/H =0,0.25,0.5,0.75,
and 1 were adopted. These scalar sources were simulated in the form of Dirichlet bound-
ary conditions of constant scalar source strength ®. The upstream inlet was free of scalar
(¢ =0). At the downstream outlet an open boundary condition (0¢/0t +u d¢p/0x =0) was as-
sumed where the scalar was removed from the channel with negligible distortion or reflection.
A periodic boundary condition in the spanwise direction, together with zero-gradient boundary
conditions at the wall and the shear-free boundary for the scalar were assumed.

The DNS was started from the analytical solution to laminar open-channel flow, and heat
and mass transfer problems. The turbulence was triggered by small random perturbations
imposed on the laminar temperature field. Under unstable stratification, as the buoyancy term
was kept, the turbulence was developing for 100 dimensionless time unit until it reached
statistically steady state. On the other hand, under neutral stratification, on top of the randomly
perturbed temperature field, the buoyancy term was switched on for 3 dimensionless time unit
to initiate the turbulence development. Afterward, the buoyancy term was switched off and
the turbulence continued to develop for 100 dimensionless time unit until statistically steady
state. For both neutral and unstable stratification, after the turbulence-development stage, the
results were collected for another 100 dimensionless time unit for analyses.

The detailed computation parameters are tabulated in Table 1. The mesh spacing in the
horizontal directions was comparable to those used in other DNS studies. The mesh spacing
in the wall-normal direction in the near-wall region was definitely coarser than that adopted in
the forced channel turbulence (0.05 < Az" < 4.4) [31]. Instead, it was close to that adopted
in the turbulent plane Couette flow (0.7 < Azt < 3.9) [32]. Hence, the DNS FEM model was
capable of comparing the plume meandering behaviours, at least qualitatively, under neutral
and unstable stratification. In fact, its reliability was also assessed in an extensive model
validation exercise to be presented in the next section.

4. RESULTS AND DISCUSSIONS

This study focused on comparing the scalar-plume-transport behaviours under neutral and
unstable stratification. In the following discussion, statistical means denoted by parenthesis ( )
represented spatial (in the homogeneous directions) and temporal averages. Thus, the statistical
means of fluid turbulence were averaged in both streamwise and spanwise directions. The
statistical means of scalar variables were averaged in the spanwise direction only.

4.1. Fluid turbulence

Figure 2 compares the wall-normal profiles of the mean-flow speed (u) in neutrally and
unstably stratified open channels. Under neutral stratification, the DNS-calculated mean-flow
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Figure 2. Wall-normal profiles of mean flow speed (u)/U in neutrally — and unstably (Ri= — 0.2)
——— stratified open channels calculated by the DNS FEM model. Also shown are the laboratory
measurements collected under neutral [ [2] and unstable (Ri = — 0.049) A [3] stratification.

speed showed small overprediction (< 5%) compared with laboratory measurements [2]. It
increased rapidly from zero at the wall to 0.8U at z/H =0.2 in the wall-normal direction.
Its development slowed down thereafter and converged gradually to the shear-free-boundary
speed.

On the other hand, under unstable stratification, enhanced turbulent mixing due to buoyancy
led to a broad range (0.2 < z/H < 0.8) of relatively constant mean-flow speed (=~ U) in the
centre core of the channel. This broad mean-flow speed in turn led to a more rapidly increasing
wall-normal profile of mean-flow speed in the near-wall region. The mean-flow speed increased
from zero at the wall to U at z/H = 0.2. In the upper part of the channel, it decreased slightly
and developed a mild local minimum of mean-flow speed (0.98U) at z/H = 0.85. Also shown
in Figure 2 is the laboratory-measured wall-normal profile of mean-flow speed in an unstably
stratified open channel at Ri=-0.049 [3]. Generally, increasing the unstable stratification,
because of the enhanced turbulent transport, developed a broad constant of mean-flow speed
in the centre core of the channel. As the Richardson number for the present DNS FEM
model was greater than that adopted in the laboratory experiment [3] by more than 4 times,
the DNS-calculated mean-flow speed was greater than the laboratory-measured one and so
was the centre-core broad maximum. Nonetheless, the DNS FEM model predicted the general
behaviours of mean-flow speed in neutral and unstable stratification.

The calculated wall-normal profiles of the root-mean-square (RMS) velocity fluctuations
(u/u!")'? under neutral and unstable stratification are contrasted in Figure 3. Under neutral
stratification, the streamwise RMS velocity fluctuation developed rapidly from zero at the wall
to a local maximum ({u"u")"?/U =0.18) at z/H =0.1. Afterward, it decreased to 0.06U at
the shear-free boundary. The spanwise RMS velocity fluctuation also increased rapidly in the
near-wall region that developed from zero at the wall to (v”v")'/?/U =0.05 at z/H =0.15. It
was then kept fairly constant at this value for most of the channel height (0.15 <z/H < 1).
Due to the velocity boundary conditions adopted in the DNS FEM model, the wall-normal
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Figure 3. Wall-normal profiles of RMS streamwise (u”u')"?/U —, spanwise (v"v"")'?/U ———, and

wall-normal (w”w")'2/U -..... velocity fluctuation calculated by the DNS FEM model in neutrally
and unstably stratified open channels.

RMS velocity fluctuation at the wall and the shear-free boundary was zero. Its maximum
(W'w"\12/U =0.04 resided at z/H =0.38.

Under unstable stratification, heating at the bottom of the channel resulted in significant
increase in turbulence kinetic energy than did under neutral stratification (Figure 3). The
streamwise RMS velocity fluctuation developed from zero at the wall to a local maximum
((W"u")'?/U =0.22) at z/H =0.06. Afterward, it decreased gradually in the wall-normal di-
rection until the upper part of the channel. It increased again within the region close to the
top of the channel (0.9 <z/H < 1) and eventually arrived 0.18U at the shear-free boundary.
The spanwise RMS velocity fluctuation developed from zero at the wall to a local maxi-
mum ((v"v")V2/U =0.24) at z/H =0.1. Because of the buoyancy, it also developed another
local maximum ({v"v"")"2/U =0.3) at the shear-free boundary which was even greater than
its streamwise counterpart. In-between these maxima was a local minimum near the channel
centre ((v"v")'2/U=0.13 at z/H =0.53). A local maximum of wall-normal RMS velocity
fluctuation ((w”w")'2/U =0.15) was developed at the channel centre whose location was
higher than that under neutral stratification discussed above.

4.2. Mean plume path

The mean plume path z of the scalar, which is calculated by

Jo (§(x.2))z dz
H

fO <¢(X,Z )> dZ

exhibited obviously different plume behaviours under neutral and unstable stratification. It

was because well mixing was being developed in the streamwise direction, the mean plume

paths for the scalar emitted under neutral stratification converged gradually from the emission
heights toward the channel centre (z/H =0.5, Figure 4(a)). On the contrary, meandering of

Z(x)= (19)
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) z/H

Figure 4. Mean plume paths z/H plotted as functions of streamwise distance x/H in (a) neutrally and

(b) unstably stratified open channels. The DNS-calculated results for scalar emitted at z/H =: 0 —,

025 ----.. , 05— ——,075 +——, and 1 ——. Laboratory measurements for scalar emitted at

zs/H =: 0.067 W [4] and @ [7], 0.25 & [5], and 0.5 A [6]. Field measurements for scalar emit-

ted at zg/H =: 0 x and 0.5+ [33]. Second-order closure turbulence model results for scalar emitted
at zg/H =0.75 V [34]. LES results for scalar emitted at z,/H =: 0 [J and 0.5 A [35].

scalar, in the form of plume rise and descent in the wall-normal direction, was observed under
unstable stratification (Figure 4(b)). To demonstrate the accuracy of the DNS FEM model,
the laboratory measurements [4—7], field measurements [33], second-order-closure-modelling
results [34], and large-eddy-simulation (LES) results [35] under unstable stratification are also
shown.

As shown, the scalar emitted in the lower part of the unstably stratified channel was car-
ried aloft to the upper part. The scalar emitted at the bottom (i.e. z,/H =0) exhibited the
largest plume rise amongst the emission heights tested. It rose rapidly right after emission,
passed through the channel centre at x/H = 4.8, and reached its maximum mean plume height
(z/H=6.8) at 7.7 < x/H < 8.5. Afterward, it descended and converged gradually toward the
channel centre at the downstream outlet. Within the early plume development in the lower
path of the channel, the DNS-calculated mean plume path followed closely the laboratory-
measured values for z;/H =0.067 [4]. In the upper part of the channel (i.e. the far field of
the scalar plume), the measured mean plume path [4] rose to Z/H =0.6 at 7.2 < x/H < 8.4.
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The DNS-calculated maximum mean plume path was higher than the measured value by
about 13%.

The DNS-calculated mean plume paths under unstable stratification were also compared
with field measurements (Figure 4(b)). The mean plume path measured in a CBL was sparse
[33]. Its elevation was higher than the DNS-calculated value within the early plume develop-
ment (0 < x/H < 6) but lower thereafter. The field-measured maximum mean plume path was
z/H =0.6 at x/H =5. It occurred earlier than that obtained from the DNS FEM model or the
laboratory water tank experiment [4]. The sample size of another set of laboratory measure-
ment was limited and the data points were sparse [7]. Generally, the DNS-calculated mean
plume path fell within these sparse data points though the laboratory measurement showed
slightly higher mean plume path within the early plume development.

Since the LES model [35] generally followed the parameters adopted in the convective water
tank experiment [4], their mean plume path were close to each other throughout the streamwise
extent. On the other hand, though different simulation parameters had been employed in the
LES [35] and the present DNS FEM models, their calculated mean plume paths were close to
each other within the early plume development (0 < x/H < 5). Afterward, the LES-calculated
maximum mean plume path (Z/H = 0.6 at 9.2 < x/H < 9.5) was lower than the DNS-calculated
value by about 10%.

A rapid plume rise was also observed for the scalar emitted at z,/H =0.25 in which
the mean plume path passed through the channel centre at x/H =35 (Figure 4(b)). Even
the emission height was elevated by 25%, it showed a lower maximum mean plume path
(z/H=0.6 at 8 <x/H <9) than that of z,/H =0. Afterward, it converged gradually toward
the channel centre as the scalar was being mixed in the streamwise direction. The DNS-
calculated mean plume path for z,/H = 0.25 was higher than that measured in the convective
water tank experiment [5] throughout the streamwise extent. The laboratory-measured mean
plume path passed through the channel centre at x/H =7.5 before reaching its maximum
(z/H =0.6 at x/H =9), which was lower than the DNS-calculated value by almost 20%.

As calculated by the DNS FEM model, the scalar emitted at the channel centre (z;/H =0.5)
did not show obvious plume meandering (Figure 4(b)). Instead, it travelled almost horizontally
throughout the streamwise extent. Whereas, the convective water tank experiment [6] showed
a mild plume descent right after emission whose minimum mean plume path was z/H = 0.44
at 3.6 < x/H < 4.5. The mean plume path then ascended slightly before converging toward the
channel centre. The field measurements in a CBL were sparse [33] whose mean plume path
covered a wider range (0.36 <z/H < 0.6) compared with those measured by the laboratory
convective water tank experiment [6] or those calculated by the DNS FEM model. Also
shown in Figure 4(b) was the LES-calculated mean plume path [35] that followed quite
closely the laboratory-measured value [6]. However, it descended slightly deeper than that of
the laboratory measurement to z/H =04 at 5 < x/H < 5.6.

The DNS-calculated mean plume path showed that the scalar emitted at the upper part of
the unstably stratified open channel generally descended right after emission. The scalar emit-
ted at z;/H =0.75 followed the descending mean plume path and passed through the channel
centre at x/H =5. It continued descending to its minimum mean plume path (Z/H =0.4 at
8 < x/H < 10) before converged gradually toward the channel centre with increasing down-
stream distance. The mean plume path calculated by the second-order closure turbulence model
[34] was comparable to that of the DNS FEM model. Its minimum mean plume path was
slightly higher (z/H =4.4 at 8 < x/H < 10) than the DNS-calculated one.

Copyright © 2005 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2006; 50:623-648



FINITE ELEMENT SOLUTION TO PASSIVE SCALAR TRANSPORT 635

The DNS FEM outputs showed that the plume descent for scalar emitted at z;/H =1 was
the deepest amongst the emission heights tested. The descending scalar plume passed through
the channel centre at x/H =4.5 before reaching its minimum mean plume path (z/H =0.3) at
7.5 < x/H < 9. Analogous to the scalar-plume behaviour for other emission heights, the scalar
was being mixed and the mean plume path gradually converged toward the channel centre in
the streamwise direction thereafter.

4.3. Dispersion coefficient

The mean plume coverage and the scalar mixing in the crosswind (wall-normal) direction can
be quantified by the dispersion coefficient ¢, which is defined as

I (e 2)) [z — 2(0)] dz
S px,2)) dz

The dispersion coefficients for different emission heights in neutrally and unstably stratified
channels were expressed as functions of downstream distance, respectively, in Figures 5(a)
and (b).

Under neutral stratification, the dispersion coefficients for different emission heights devel-
oped gradually in the streamwise direction (Figure 5(a)). Because of the limited computational
resources and lengthy computation time, one of the weaknesses of the DNS FEM calculation
was the limited streamwise coverage, i.e. 12H which was not long enough for the scalar
to achieve completely well-mixed condition. Additional DNS calculation for longer stream-
wise extent (30H) is currently in progress so as to investigate the scalar-transport behaviours
after well-mixed condition. The maximum dispersion coefficients calculated by the DNS FEM
model were in the range 0.15 < g,/H < 0.25 locating at the downstream outlet. Through-
out the streamwise extent of the channel, the dispersion coefficients for the scalar emitted
at zg/H =0.25 and 0.5, which were the largest ones amongst the emission heights tested,
were very close to each other whose differences were less than 5%. Their comparable values
were mainly due to the broad-range of relatively constant wall-normal RMS velocity fluctu-
ation (w”w”)!/? at these levels of the channel (Figure 3). The dispersion coefficient for the
scalar emitted at z;/H =0.75 was smaller (about 25%) than those emitted at z,/H =0.25 and
0.5. This reduction was mainly due to the smaller wall-normal RMS velocity fluctuation that
weakened the scalar mixing together with the plume coverage. At the bottom of the channel,
because of the tiny wall-normal RMS velocity fluctuation in the near-wall region, the dis-
persion coefficient for the scalar emitted at z,/H =0 was smaller than those emitted in the
centre core of the channel (z;/H =0.25,0.5, and 0.75). Finally, the dispersion coefficient for
the scalar emitted at z,/H =1 was the smallest amongst the emission heights tested. Its no-
ticeable reduction was attributed by the large mean flow together with the small wall-normal
RMS velocity fluctuation near the shear-free boundary.

Unlike the gradually developing scalar-plume coverage under neutral stratification, the dis-
persion coeflicients for the scalar transport under unstable stratification increased rapidly right
after emission from o,/H =0 to 0.25-0.3 after a downstream distance x/H < 5 for the emis-
sion heights tested (Figure 5(b)). Their values were quite constant thereafter that signified
the well-mixed conditions under unstable stratification (compared with those under neutral
stratification). Because of the broad constant mean-flow speed and wall-normal RMS velocity
fluctuation in the centre core of the unstably stratified channel, the dispersion coefficients for

o(x) =

(20)
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Figure 5. Dispersion coefficients o./H plotted as functions of streamwise distance x/H in (a) neutrally

and (b) unstably stratified open channels. The DNS-calculated results for scalar emitted at zs/H =:

0 , 025 ... ,05-—, 07 ——— and 1 ——— . Laboratory measurements for scalar
emitted at z,/H = 0.5 A [6]. Field measurements for scalar emitted at z;/H =: 0 x and 0.5+ [33].

the scalar emitted at z,/H = 0.25,0.5, and 0.75 were close to each other after reaching their
maximum values. In view of the smaller wall-normal RMS velocity fluctuation, the disper-
sion coefficients for the scalar emitted at the bottom and top of the channel were smaller than
those emitted in the centre core of the channel within the early plume development (x/H < 4).
However, the plume meandering under unstable stratification, which also helped to mix the
scalar, increased the crosswind scalar dispersion and plume coverage as well. As a result,
the dispersion coefficients for the emission heights tested were of comparable magnitudes in
the far field of the scalar plume.

Figure 5(b) also showed the accuracy of the DNS FEM model by comparing with the
results available in literature. The DNS-calculated dispersion coefficients agreed well with
the measurements collected in the convective water tank experiment for z;/H =0.5 [6]. The
smaller wall-normal RMS velocity fluctuation in the lower near-wall region led to a reduced
dispersion coefficient for the scalar emitted at z;/H = 0. The rapid plume rise carried the mean
plume path aloft from the lower part to the centre core and then the upper part of the channel.
This rapid plume rise also increased the dispersion coefficient to o./H =0.3 at x/H =5 which
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was the largest amongst the emission heights tested. The field-measured dispersion coefficients
for the scalar emitted at z,/H =0 and 0.5 were quite scattering [33], nonetheless, the DNS-
calculated dispersion coefficients fell within these data points. For the scalar emitted at the top
of the channel, apart from the tiny wall-normal RMS velocity fluctuation near the shear-free
boundary, the large mean-flow speed suppressed the vertical scalar transport. As a result, its
dispersion coefficient was the smallest amongst the emission heights tested within the early
plume development and even after the mean plume path switched from the upper to the lower
parts of the channel (x/H < 9.8). Moreover, the downward-only turbulent dispersion limited
the crosswind scalar transport and the dispersion coefficient.

4.4. Spatial distribution of mean scalar mixing ratio

Figure 6 depicts the spatial contours of the mean scalar mixing ratio (¢) on the x—z plane in a
neutrally stratified channel. The scalar plume generally travelled horizontally in the streamwise
direction with unnoticeable meandering. The crosswind coverage of the scalar plume, which is
illustrated by the dispersion coefficient along the mean plume path, gradually increased because
of the crosswind plume development. On the contrary, obvious scalar-plume meandering,
which was illustrated in the form of spatial contours of mean scalar mixing ratio on the x—z
plane, was observed in the unstably stratified channel (Figure 7).

Under unstable stratification, the mean plume path for the scalar emitted at z;/H =0 was
very close to the wall within the early plume development (x/H < 5, Figure 7(a)). As a result,
the maximum mean scalar mixing ratio resided at the wall level. Afterward, the maximum
mean scalar mixing ratio followed the mean plume path that ascended to the upper part
of the channel. A broad local maximum of mean scalar mixing ratio ({¢)/® =1 x 1073) was
eventually developed at the shear-free boundary covering 5 < x/H < 11.5. Meanwhile, a broad
local minimum of mean scalar mixing ratio ({¢)/® =35 x 10~*) was developed at the lower
part of the channel covering x > 6.

For an elevated emission height in the lower part of the channel at z;/H =0.25, the spa-
tial contours of mean scalar mixing ratio exhibited minor differences compared with that
emitted at z,/H =0 (Figure 7(b)). Though the mean plume path for the scalar emitted in
the lower part of the channel was generally ascending, the spatial contours of mean scalar
mixing ratio for the scalar emitted at z,/H =0.25 showed a mild plume descent right af-
ter emission. The descending scalar plume developed a wall-level local maximum of mean
scalar mixing ratio ({¢)/® =4 x 1073) covering 2.2 < x/H < 4.3. Afterward, the scalar was
carried upward to the upper part of the channel. A broad local maximum of mean scalar
mixing ratio ((¢)/® =4 x 107%) was then developed at the top of the channel covering
5 <x/H < 11.7. Because of the mean plume rise during the early plume development, a
local minimum of mean scalar mixing ratio ({¢)/® =2 x 1073) was developed on the wall in
the far field (7 < x/H < 12).

The mean plume path for the scalar emitted at the channel centre (z;/H =0.5) only showed
mild scalar-plume meandering on the x—z plane (Figure 7(c)). It rose slightly right after
emission until x/H < 3. Afterward, it developed a gentle local maximum of mean scalar
mixing ratio ((¢)/® =3 x 1073) at the shear-free boundary covering 3 < x/H < 6. The scalar
was well mixed thereafter with mean scalar mixing ratio (¢)/®~3 x 1073,

As shown in Figure 7(d), the scalar emitted at z,/H = 0.75 rose slightly right after emission.
It developed a local maximum of mean scalar mixing ratio ((¢)/® =35 x 107%) at the free-
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Figure 6. Spatial distribution of mean scalar mixing ratio (¢)/® for scalar emitted at zs/H =: (a) 0,

(b) 0.25, (c¢) 0.5, (d) 0.75, and (e) 1 in an neutrally stratified open channel calculated by the DNS

FEM model. Dotted line represents the mean plume path and vertical bars represent the mean plume
coverage (=20:/H) in terms of the dispersion coefficient.

shear boundary covering 2.1 < x/H < 3.3. Afterward, it moved downward (implied by the
descending mean plume path) that eventually developed a wall-level local maximum of mean
scalar mixing ratio ({(¢)/® =4 x 107) extending from x/H =7.7 to the downstream outlet.
Meanwhile, a local minimum of mean scalar mixing ratio ((¢)/® =2 x 107%) was developed
at the shear-free boundary covering 5.8 < x/H < 11.2.

Unlike that emitted at other emission heights, the scalar emitted at z,/H =1 did not rise, and
thus no local maximum of mean scalar mixing ratio was developed at the shear-free boundary.
Instead, the scalar was carried downward right after emission that developed a wall-level
local maximum of mean scalar mixing ratio ((¢)/® =3 x 107%) covering 7 < x/H < 10.2.
Because of the plume descent, the mean plume path switched from the upper to the lower
parts of the channel for x/H > 5. Meanwhile, a local minimum of mean scalar mixing ratio
((¢)/®=5x10"*) was developed at the shear-free boundary covering 7 < x/H < 10.2.
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Figure 7. Spatial distribution of mean scalar mixing ratio (¢)/® for scalar emitted at z,/H =: (a) 0,

(b) 0.25, (c) 0.5, (d) 0.75, and (e) 1 in an unstably stratified open channel calculated by the DNS
FEM model. Dotted line represents the mean plume path and vertical bars represent the mean plume
coverage (=20./H) in terms of the dispersion coefficient.

4.5. Spatial distribution of RMS scalar mixing ratio fluctuation

The spatial contours of the RMS scalar mixing ratio fluctuation (¢”¢”)'/? for scalar emitted
at different heights in a neutrally stratified open channel are depicted in Figure 8. The con-
tours of the RMS scalar mixing ratio fluctuation basically followed those of the mean scalar
mixing ratio. It was large near the sources whose value around the sources was greater than
that around the downstream outlet by two order of magnitudes. Its crosswind coverage was
extending in the wall-normal direction while the plume was developing in the streamwise
direction. No noticeable meandering of RMS scalar mixing ratio fluctuation was observed.
On the other hand, the RMS scalar mixing ratio fluctuation for the scalar emitted under
unstable stratification showed different characteristics (Figure 9) compared with those under
neutral stratification. The spatial-contour meandering in the form of ascending and descending
RMS scalar mixing ratio fluctuation was observed for most of the emission heights tested.
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Figure 8. Spatial distribution of RMS scalar mixing ratio fluctuation (¢”¢")"/?/® for scalar emitted at

zs/H =: (a) 0, (b) 0.25, (c) 0.5, (d) 0.75, and (e) | in a neutrally stratified open channel calculated

by the DNS FEM model. Dotted line represents the mean plume path and vertical bars represent the
mean plume coverage (=20./H) in terms of the dispersion coefficient.

As shown previously, a rapid plume rise was observed for the scalar emitted at z,/H =0
under unstable stratification. Similarly, the RMS scalar mixing ratio fluctuation showed an
ascending trajectory right after emission (Figure 9(a)). It rose to the upper part of the channel
and then developed a local maximum of RMS scalar mixing ratio fluctuation ((¢”¢")!?/® =
1 x 107°) at the shear-free boundary covering 4 < x/H < 5.8. The high RMS scalar mixing
ratio fluctuation then moved along the shear-free boundary toward the downstream outlet and
became almost homogeneous eventually.

Unlike those of the mean scalar mixing ratio, the spatial contours of the RMS scalar
mixing ratio fluctuation for z,/H =0.25 did not show noticeable descending trajectory in the
near field (0 < x/H < 3). Instead, the maximum RMS scalar mixing ratio fluctuation travelled
horizontally in the near field (0 < x/H < 3) before rising to the upper part of the channel at
3 <x/H <5 (Figure 9(b)). Eventually, it developed a local maximum RMS scalar mixing
ratio fluctuation ((¢”¢")'?/® =1 x 107%) at the top of the channel covering 3.2 < x/H < 5.8.
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Figure 9. Spatial distribution of RMS scalar mixing ratio fluctuation (¢”¢")"?/® for scalar emitted at

zs/H =: (a) 0, (b) 0.25, (c) 0.5, (d) 0.75, and (e) 1 in a unstably stratified open channel calculated by

the DNS FEM model. Dotted line represents the mean plume path and vertical bars represent the mean
plume coverage (=20./H) in terms of the dispersion coefficient.

Mainly due to the higher mean scalar mixing ratio, the RMS scalar mixing ratio fluctuation in
the upper part of the channel was greater than that in the lower part by an order of magnitude.
The high RMS scalar mixing ratio fluctuation followed the mean plume path in the upper
part of the channel and finally converged toward the channel centre.

For the scalar emitted at the centre of the unstably stratified channel, the high RMS scalar
mixing ratio fluctuation generally travelled horizontally in the streamwise direction along the
mean plume path (Figure 9(c)). No significant meandering of RMS scalar mixing ratio fluctu-
ation was observed. However, a slight local maximum of RMS scalar mixing ratio fluctuation
((¢"¢")'2/® =1 x 107%) was developed at the shear-free boundary covering 2.2 < x/H < 4.7
during the early plume development.

For the scalar emitted at z;/H =0.75, the spatial characteristics of RMS scalar mixing
ratio fluctuation generally followed those of the mean plume path in which the maximum
RMS scalar mixing ratio fluctuation travelled horizontally in the streamwise direction in the
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near field (0 < x/H < 4, Figure 9(c)). During this travel, a local maximum of RMS scalar
mixing ratio fluctuation ({¢"¢")!/2/® =2.5 x 10~>) was developed at the shear-free boundary
covering 1.8 < x/H < 2.8. The high RMS scalar mixing ratio fluctuation continued travelling
along the shear-free boundary until x/H =5.5. Afterward, it descended slightly toward the
channel centre and exhibited quite homogeneous behaviours thereafter.

On the contrary, the RMS scalar mixing ratio fluctuation for the scalar emitted at z;/H =1
under unstable stratification descended rapidly right after emission (Figure 9(e)). Its descent
was the deepest amongst the emission heights tested that almost reached the wall of the
channel at 7 < x/H < 9. This decent also developed a mild wall-level local maximum RMS
scalar mixing ratio fluctuation ((¢"¢")/® =2.5x107%) covering 4.9 < x/H < 8. Afterward,
the high RMS scalar mixing ratio fluctuation rebounded and converged gradually toward the
channel centre along the streamwise direction.

4.6. Instantaneous scalar mixing ratio

The previous sections discuss the mean statistical properties that compare the scalar-plume
behaviours in the neutrally and unstably stratified channel. Additional perspective of turbulent
scalar transport can be obtained by looking into the snapshot of instantaneous spatial contours
of velocity fluctuation and scalar mixing ratio. The DNS-calculated snapshots are taken as
typical turbulent transport structures.

Figure 10 depicts the spatial contours of instantaneous wall-normal velocity fluctuation w”
on selected x—z and y—z planes under neutral stratification. Parcels of isolated updraft and
downdraft were observed that were responsible for the crosswind scalar mixing and plume
development. In an isothermal environment, the fluctuating wall-normal velocity was solely
driven by mechanical shear that cascaded energy from the mean flow to turbulence. In the
aforementioned flow field, the scalar plume under neutral stratification generally travelled
horizontally in the streamwise direction with instantaneous plume meandering (in the wall-
normal direction) about the mean plume path (Figure 11). This plume meandering was caused
by the wall-normal velocity fluctuation w” that made up the turbulent scalar mixing in the
crosswind direction. As a result, the scalar-plume coverage developed with increasing down-
stream distance. The instantaneous plume meandering did not persist and no noticeable plume
meandering was observed in the spatial contours of mean scalar mixing ratio.

The spatial contours of instantaneous wall-normal velocity fluctuation under unstable strat-
ification on selected x—z and y—z planes are illustrated in Figure 12. On top of mechanical
shear, the wall-normal velocity fluctuation was enhanced by the buoyancy. Parcels of updraft
and downdraft, whose sizes and magnitudes were much greater than those under neutral strat-
ification, were observed. It seemed that some of the updraft and downdraft had organized
structure covering almost the whole streamwise extent of the channel. On the contrary, it was
unlikely that organized structure of wall-normal velocity fluctuation was observed under neu-
tral stratification. Because of the increased wall-normal velocity fluctuation, enhanced scalar
mixing is observed from the spatial contours of the instantaneous scalar mixing ratio under
unstable stratification (Figure 13) compared with that in a neutrally stratified one. This finding
was reflected from the lower instantaneous scalar mixing ratio in the far field of the channel
that was in line with our previous discussion based on the mean quantities of turbulence
structure, dispersion coefficients, as well as spatial contours of mean scalar mixing ratio. In
fact, enhanced scalar mixing in early plume development under unstable stratification was
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Figure 10. Spatial distribution of instantaneous wall-normal velocity fluctuation w”’ on selected planes
in a neutrally stratified open channel calculated by the DNS FEM model. x—z planes at y/H =: (a) 0,
(b) 1, (¢) 2, and (d) 3. y—z planes at x/H =: (e) 2, (f) 6, and (g) 10.

also observed in the instantaneous scalar properties that was illustrated from the scalar-plume
coverage right behind the sources. This early enhanced scalar mixing was particularly obvious
for the emission height at z,/H = 0.25 where the wall-normal velocity fluctuation was largest
within the channel.

Apart from scalar mixing, scalar-plume meandering in the wall-normal direction under un-
stable stratification was observed in the instantaneous spatial contours. The scalar emitted in
the upper part of the channel showed markedly plume descent at 4 < x/H < 5 (Figures 13(a)
and (b)). Similar to the findings based on the mean quantities, the scalar emitted at the chan-
nel centre showed least plume meandering amongst the emission heights tested (Figure 13(c)).
Moreover, the scalar mixing ratio was fairly homogeneous in most of the channel (x/H > 5).
The plume meandering was unnoticeable for the scalar emitted at z,/H = 0.25. Nonetheless,
switching of scalar-plume path (high scalar mixing ratio) from the lower to upper parts of
the channel is illustrated in Figure 13(d). Close to the downstream outlet of the channel
(x/H = 8), the upper part of the channel had higher scalar mixing ratio than that of the lower
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Figure 11. Spatial distribution of mean scalar mixing ratio ¢/® on the x—z plane at y/H =2
for scalar emitted at z,/H =: (a) 1, (b) 0.75, (¢) 0.5, (d) 0.25, and (e) O in a neutrally
stratified open channel calculated by the DNS FEM model.

part. A rapid plume rise was observed from the spatial contours of instantaneous scalar mixing
ratio for the scalar emitted at z,/H =0 (Figure 13(e)).

5. CONCLUSIONS

A DNS FEM code was developed for the numerical modelling of fluid turbulence and pas-
sive scalar transport in neutrally and unstably stratified open channels whose mathematical
procedures are described in this paper. On top of decoupling the velocity and pressure cal-
culation in incompressible flow, the second-order accurate fractional-step method segregated
the solvers for the convection and diffusion terms in the transport equations. The buoyancy
term was integrated in time by the explicit first-order accurate Euler scheme. The advec-
tion and diffusion terms were integrated in time, respectively, using the explicit third-order
accurate Runge—Kutta and the implicit second-order accurate Crank—Nicolson schemes. The
Galerkin FEM was used to discretize the spatial domain. An equal-order trilinear interpolating
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Figure 12. Spatial distribution of instantaneous wall-normal velocity fluctuation w”’ on selected planes
in an unstably stratified open channel calculated by the DNS FEM model. x—z planes at y/H =: (a) 0,
(b) 1, (¢) 2, and (d) 3. y—z planes at x/H =: (e) 2, (f) 6, and (g) 10.

polynomial based on brick elements was employed to approximate the velocity components,
pressure, temperature, and scalar mixing ratio. The resulting systems of equations were solved
by the conjugate gradient method with the Jacobian preconditioning.

The reliability of the currently DNS FEM model was assessed by comparing its calculated
scalar-plume behaviours in unstably stratified open channel with the results available in liter-
ature in which their agreement was reasonable. Based on the DNS output, we compared the
wall-normal profiles of the mean flow and turbulence under neutral and unstable stratification
together with the spatial distributions of mean scalar mixing ratio and RMS scalar mixing
ratio fluctuation on the x—z plane. The scalar plume under neutral stratification showed negli-
gible plume meandering. On the other hand, it exhibited remarkable meandering in the form
of plume rises and descents under unstable stratification. Comparison of the DNS-calculated
dispersion coefficients showed that the crosswind scalar-plume coverage under unstable strat-
ification developed more rapidly than that under neutral stratification.
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Figure 13. Spatial distribution of instantaneous scalar mixing ratio ¢/® on the x—z plane at y/H =2
for scalar emitted at zs/H =: (a) 1, (b) 0.75, (¢) 0.5, (d) 0.25, and (e) 0 in a unstably stratified open
channel calculated by the DNS FEM model.
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